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ON THE SINGULAR WEINSTEIN CONJECTURE AND THE EXISTENCE OF ESCAPE
ORBITS FOR b-BELTRAMI FIELDS
EVA MIRANDA, CE´DRIC OMS, AND DANIEL PERALTA-SALAS
ABSTRACT. Motivated by Poincare´’s orbits going to infinity in the (restricted) three-body problem
(see [26] and [6]), we investigate the generic existence of heteroclinic-like orbits in a neighbourhood
of the critical set of a b-contact form. This is done by using the singular counterpart [3] of Etnyre–
Ghrist’s contact/Beltrami correspondence [9], and genericity results concerning eigenfunctions of
the Laplacian established by Uhlenbeck [29]. Specifically, we analyze the b-Beltrami vector fields on
b-manifolds of dimension 3 and prove that for a generic asymptotically exact b-metric they exhibit
escape orbits. We also show that a generic asymptotically symmetric b-Beltrami vector field on an
asymptotically flat b-manifold has a generalized singular periodic orbit and at least 4 escape orbits.
Generalized singular periodic orbits are trajectories of the vector field whose α- and ω-limit sets
intersect the critical surface. These results are a first step towards proving the singular Weinstein
conjecture.
1. INTRODUCTION
Chazy established in 1922 [5] that the solutions of the three body problem as time tends to
infinity can be of four different types: hyperbolic, parabolic, bounded and oscillatory. Oscilla-
tory motions happen when the body with negligible mass escapes from any bounded region and
returns infinitely often to it. Hyperbolic motions can often be compactified as heteroclinic-like
orbits. The compactification can be understood as a regularization transformation that includes
singularities in the symplectic structure that models this problem. In this regularization, oscilla-
tory motions have sequences of points tending to an invariant hypersurface corresponding to the
singular set of those geometric structures.
When it comes to Hamiltonian dynamics it is often convenient to restrict the dynamics to a
level-set of the Hamiltonian. Whenever the Liouville vector field is transverse to this level set,
it induces a contact structure on it. This idea has been applied successfully to several problems
in celestial mechanics such as the restricted three-body problem. For instance in [1] the authors
prove the existence of periodic orbits on any level setH = c with c < H(L1), where L1 is the first
Lagrange point as an application of the Weinstein conjecture to the induced contact manifold. The
positive answer to Weinstein conjecture also yields the existence of periodic orbits in the context
of hydrodynamics.
Indeed, as suggested by Sullivan and developed by Etnyre and Ghrist [9], there is a one-to-one
correspondence between Reeb fields and non-vanishing Beltrami vector fields (a particular type
of stationary fluid flows). Accordingly, the positive answer to theWeinstein conjecture implies the
existence of periodic orbits for any non-vanishing Beltrami vector field on a compact 3-manifold.
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Vice versa, analytic techniques from hydrodynamics can provide a deep insight on the dynam-
ics and topology of contact manifolds, as is shown for instance in [27]. By virtue of this corre-
spondence, both fields can potentially benefit from mutual development. This connection gained
a new impulse recently with [4] where universality features of Euler flows were studied using
the h-principle in contact geometry. In the context of stationary fluid flows in even dimensions,
Ginzburg and Khesin established a beautiful connection with symplectic geometry and integrable
systems [11, 10].
The aforementioned Beltrami/contact picture has recently been generalized by including codi-
mension one singularities. These generalized contact structures are known as b-contact structures
and the codimension one hypersurface, which is invariant under the flow of the Reeb field, is
called critical hypersurface. The geometry of this generalization of contact structures has been exten-
sively studied in [23], and the relation of those to Beltrami dynamics was initiated in [3], proving
a one-to-one correspondence between Reeb fields of b-contact forms and non-vanishing Beltrami
vector fields on b-manifolds (b-Beltrami vector fields). In view of this correspondence, it is important
to understand the dynamical behavior of Reeb fields on b-contact manifolds. Those manifolds can
be viewed as open regular contact manifolds satisfying certain behavior at the open ends. Due
to the lack of compactness, the dynamics is fundamentally different from the smooth case. As it
is shown in [24], there are compact b-contact manifolds in any dimension, without periodic or-
bits away from the critical hypersurface, which contrasts the Weinstein conjecture. Although this
non-existence of periodic Reeb orbits away from Z can be thought of as a counterexample to the
Weinstein conjecture, a careful analysis of the intriguing dynamics on those manifolds lead the
authors in [24] to conjecture that the next best case scenario holds:
Conjecture 1.1 (Singular Weinstein conjecture, [24]). Let (M,α) be a compact b-contact manifold with
critical hypersurface Z . Then the Reeb field Rα has a singular periodic orbit. More precisely, there is a Reeb
orbit γ : R→M \ Z such that limt→±∞ γ(t) = p± ∈ Z and Rα(p±) = 0.
A motivating example for this conjecture is the following, which is the b-analogue of the well
known ABC Beltrami fields [2] on the flat torus T3:
Example 1.2. Consider on the 3-torus T3 the b-vector field given by
X = C cos y∂x +B sinx∂y + (C sin y +B cos x) sin z∂z
where |B| 6= |C| are two constants. This is a b-Beltrami vector field with constant proportionality
factor 1 for the globally flat b-metric given by g = dx2+dy2+ dz
2
sin2 z
, on the b-manifold (T3, Z), where
the (disconnected) critical surface is Z = {z = 0} ∪ {z = π}. Accordingly, X can be viewed as the
Reeb vector field (up to reparametrization) associated to the b-contact form α = g(X, ·). We claim
that for all values of B and C , |B| 6= |C|, there exist singular periodic orbits. The restriction of X
on Z is a Hamiltonian vector field, with Hamiltonian function given by H = −Xz = −C sin y −
B cos x, which is a first integral of X. Hence the integral curve of X through the point (x0, y0, z0)
satisfies z˙(t) = H(x, y) sin z(t) = H(x0, y0) sin z(t), so the explicit expression of z(t) is given by
z(t) = 2 cot−1(exp(c −H(x0, y0)t)), where c is a constant such that z(0) = z0. Let us now analyze
the singular periodic orbits ofX. On each of the two connected components of the critical surface,
there are four critical points of H , given in (x, y) ∈ T2 coordinates by p1 = (0, π2 ), p2 = (π, π2 ),
p3 = (0,
3π
2 ) and p4 = (π,
3π
2 ). Since |B| 6= |C|, it is easy to check that H(pk) 6= 0. The integral
curve with initial condition (pk, z0), where z0 ∈ (0, π), is then given by γ(t) = (pk, z(t)). Assume
that H(pk) > 0 (the opposite case is similar). Then limt→∞ z(t) = 0 and limt→−∞ z(t) = π, thus
implying that γ is a singular periodic orbit. As the case when z0 ∈ (π, 2π) is analogous, we
obtain 8 singular periodic orbits; in particular, the singular Weinstein conjecture is satisfied for all
|B| 6= |C|.
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In this article we will study the existence of singular periodic orbits (and generalizations) on
b-contact manifolds, via the analysis of the integral curves of b-Beltrami vector fields. This is,
in particular, the first instance where the (singular) contact/Beltrami correspondence is used in
the reverse direction. Since b-Beltrami fields are stationary solutions of the Euler equations on
manifolds with cylindrical ends (the b-model), our results are also of interest in the study of in-
compressible fluid flows in equilibrium.
Singular periodic orbits are a particular case of escape orbits, which are Reeb orbits γ ⊂ M \ Z
that tend in forward (or backward) time to an equilibrium point, that is γ ⊂ M \ Z such that
limt→∞ γ(t) = p where p is a zero of Rα in Z (respectively limt→−∞ γ(t) = p). From a dynamical
point of view, the singular periodic orbits are contained in the intersection of the unstablemanifold
of p− and the stable manifold of p+. Since the existence of escape orbits is a necessary condition
for the existence of singular periodic orbits, establishing the existence of escape orbits is a first step
towards proving the singular Weinstein conjecture.
Z
γ
FIGURE 1. Singular periodic orbit vs. Escape orbits (in green)
The goal of the present paper is to address Conjecture 1.1 in the three-dimensional case us-
ing the aforementioned Beltrami/contact correspondence. Specifically, let (M,Z) be a compact
b-manifold of dimension 3 endowed with a b-metric g. This defines a Riemannian b-manifold
(M,Z, g). The critical surface Z may consist of several connected components. Our first main
result shows that a b-Beltrami field exhibits escape orbits on a generic asymptotically exact b-
manifold (see Definition 2.12). The meaning of generic will become clear in Section 3.
Theorem 1.3. Let g be a generic metric in the class of asymptotically exact b-metrics on (M,Z). Then any
b-Beltrami vector field on (M,Z, g), which is not identically zero on Z , has a singular periodic orbit or at
least 2 + b1(Z) escape orbits. Here, b1(Z) denotes the first Betti number of the critical surface Z .
In light of the Beltrami/contact correspondence, this result has a clear implication in the b-
contact context: the Reeb flow of a generic Melrose b-contact form has a singular periodic orbit or
at least 2+ b1(Z) escape orbits. For the concept of generic Melrose b-contact form see Definition 2.14.
The proof of Theorem 1.3 lies in a careful study of the b-Beltrami vector field on Z . As is proved
in [24], the b-Beltrami vector field on Z is Hamiltonian. Additionally, the Beltrami equation yields
that the Hamiltonian function, called exceptional Hamiltonian (see Definition 2.6) is in fact an eigen-
function of the induced Laplacian on the critical surface. By the classical work of Uhlenbeck [29],
the properties of the eigenfunctions of the Laplacian for a generic set of metrics are well under-
stood: they are Morse and zero is a regular value. Theorem 1.3 then follows from this result and a
local analysis of the zeros of the b-Beltrami vector field on Z .
The way a singular periodic orbit escapes to infinity is very particular, both its ω- and α-limit
sets consist of a single point p± ∈ Z . Since the limit sets of a vector field are invariant, the points
p± are necessarily zeros of the field. One can relax this condition and introduce the notion of
generalized singular periodic orbit:
Definition 1.4. Let γ : R→M \Z be an orbit of a b-Beltrami vector field. We say it is a generalized
singular periodic orbit if there exist t1 < t2 < · · · < tk → ∞ such that γ(tk) → p+ ∈ Z and
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t−1 > t−2 > · · · > t−k → −∞ such that γ(t−k)→ p− ∈ Z , as k →∞. In general, p+ and p− may be
contained in different components of Z , and they do not need to be zeros of the field.
Equivalently, γ is a generalized singular periodic orbit if both its α- and ω-limit sets have
nonempty intersection with the critical surface Z . Particular cases of generalized singular peri-
odic orbits that have attracted considerable attention are the oscillatory motions, see [28, 18, 12]
and Section 5. The b-analogue of the ABC Beltrami vector fields introduced in Example 1.2 also
exhibits generalized singular periodic orbits:
Example 1.5. Consider the b-Beltrami field presented in Example 1.2 on the flat b-manifold (T3, Z),
and let H be the Hamiltonian function as before and c > 0 a regular value of H . Consider the
integral curve γ(t) of the point (x0, y0, z0), with z0 ∈ (0, π) and (x0, y0) ∈ H−1(c). It is easy to
check that both the α- and ω-limit of γ(t) are periodic orbits that are contained in the components
{z = π} and {z = 0}, respectively, of the critical set Z ; accordingly, γ(t) is a generalized singular
periodic orbit that is not a singular periodic orbit.
Our second main result shows the generic existence of generalized singular periodic orbits on
asymptotically flat b-manifolds (see Definition 4.2) for a particularly relevant class of b-Beltrami
vector fields. Since the metric is fixed now in a neighborhood of the critical surface Z (a flat b-
metric), the statement is different from Theorem 1.3, where the asymptotically exact b-metric has
to be perturbed. Instead, we consider a generic set of asymptotically symmetric b-Beltrami vector
fields on the manifold, where generic means that the set is open and dense in the Ck-topology of
vector fields.
Theorem 1.6. A generic asymptotically symmetric b-Beltrami vector field X on an asymptotically flat b-
manifold of dimension 3 has a generalized singular periodic orbit. Moreover, it has a singular periodic orbit
or at least 4 escape orbits.
The proof of the second part in Theorem 1.6 is also based on the aforementioned connection
between the exceptional Hamiltonian of the b-Beltrami vector field and the eigenfunctions of the
Laplacian on the critical surface (in this case the flat torus). Since the metric in a neighborhood
of Z is fixed now, we have to use a different genericity technique (see Lemma 4.7). The first part
of Theorem 1.6 follows from a study of the global minimum of the exceptional Hamiltonian on
Z combined with an argument that exploits that a b-Beltrami field preserves a smooth volume
form in M\Z . Furthermore, under the same conditions as in Theorem 1.6, we shall prove (cf.
Proposition 4.15) that if the field is globally symmetric and the b-metric is globally flat, the singular
Weinstein conjecture holds.
Organization of the article. After the introduction, we start reviewing the necessary results of
b-contact manifolds and the relation to b-Beltrami vector fields in Section 2. A review on Uhlen-
beck’s theory of the generic properties of eigenfunctions of the Laplacian can be found in the same
section. The proof of the two main theorems (Theorems 1.3 and 1.6) can be found in Sections 3
and 4, respectively. We end this article with a discussion of related results and future lines of
research in Section 5.
2. PRELIMINARIES
In this section, we review basic concepts and results on b-contact manifolds from [23, 24], as
well as their connection with b-Beltrami vector fields, as proved in [3]. We also include a review
of the classical theory of Uhlenbeck [29] of generic eigenfunctions of the Laplacian on compact
manifolds.
ON THE SINGULAR WEINSTEIN CONJECTURE AND THE EXISTENCE OF ESCAPE ORBITS FOR b-BELTRAMI FIELDS 5
2.1. Review of b-contact manifolds. Let Z ⊂ M be a smooth hypersurface, called critical hy-
persurface (possibly disconnected). We assume that Z is the regular zero-level set of a globally
defined function z. The b-tangent bundle consists in the vector bundle whose sections give rise to
vector fields that are tangent to Z . This vector bundle is denoted by bTM and its dual by bT ∗M .
As proved in [14] in Section 3, the restriction of sections of the b-tangent bundle to Z is induced
by an injective vector bundle morphism
bTM → TZ
whose kernel is a 1-dimensional line bundle with canonical non-vanishing section. This vector
field is known as normal b-vector field. In terms of the defining function z, the normal b-vector field
is given by z∂z .
The language of differential forms for the b-tangent bundle was introduced byMelrose [21] and
further elaborated in [14].
Definition 2.1. The differential form ω ∈ Γ(∧k bT ∗M) is called a b-form of degree k.
For b-forms, the following holds.
Lemma 2.2 ([14]). Let ω ∈ bΩk(M) be a b-form of degree k. Then ω decomposes as follows:
ω =
dz
z
∧ α+ β, α ∈ Ωk−1(M), β ∈ Ωk(M).
The exterior derivative for smooth differential forms can be extended by defining
dω :=
dz
z
∧ dα+ dβ.
Remark 2.3. The restriction of the closed form dα to the surface z = 0 is often called the residue
of dω as it was done in [22] and it is customary in the works of polar homology, see [15].
Definition 2.4. Let (M,Z) be a (2n+1)-dimensional b-manifold. A b-contact form is a b-form of
degree one α ∈ bΩ1(M), that satisfies α ∧ (dα)n 6= 0 as a section of Λ2n+1(bT ∗M). We say that the
pair (M,α) is a b-contact manifold.
Associated to a b-contact form, there exists a unique vector field, that is tangent to the critical
hypersurface, called the Reeb vector field, defined by the equations{
ιRαdα = 0
ιRαα = 1.
It turns out that the Reeb vector field restricted to Z is a Hamiltonian vector field:
Proposition 2.5 ([23]). Let (M,α = udzz +β) be a b-contact manifold of dimension 3, where u ∈ C∞(M)
and β ∈ Ω1(M) as in Lemma 2.2. Then the restriction on Z of the 2-form Θ = udβ + β ∧ du is symplectic
and the Reeb vector field is Hamiltonian with respect to Θ with Hamiltonian function −u, i.e., ιRαΘ = du.
The Hamiltonian function −u plays a key role in what follows in this paper and therefore we
introduce the following definition:
Definition 2.6. The Hamiltonian function −u|Z associated to a b-contact manifold (M,α) is called
exceptional Hamiltonian.
In [24], the Reeb dynamics on b-contact manifolds is studied. Among other results, the authors
proved:
• In dimension 3, there exist infinitely many periodic orbits onZ provided that Z is compact.
• There exist compact examples in any dimension, without any periodic orbits away from Z .
6 EVAMIRANDA, CE´DRIC OMS, AND DANIEL PERALTA-SALAS
It follows immediately from these results that the statement on the existence of periodic orbits
away from Z needs to be refined. Instead of asking for periodic Reeb orbits, the authors conjec-
tured, cf. Conjecture 1.1, the existence of singular periodic Reeb orbits.
Definition 2.7. Let (M,α) be a b-contact manifold with critical hypersurface Z . A singular periodic
orbit γ : R → M \ Z is an integral curve of the Reeb field such that limt→±∞ γ(t) = p± ∈ Z where
Rα(p±) = 0.
As explained in Section 1, singular periodic orbits are a particular case of escape orbits, which
play a fundamental role in this work.
2.2. b-Beltrami vector fields. The motivation to study b-manifolds comes from manifolds with
cylindrical ends: a Riemannian metric on the manifold with cylindrical ends then translated into
a Riemannian metric for the b-tangent bundle.
Definition 2.8 (b-metrics). A b-metric is a bilinear positive-definite form Γ(bT ∗M ⊗ bT ∗M) and
(M,Z, g) is called a b-Riemannian manifold. The b-metric naturally induces a b-form of maximal
degree that is called b-volume form.
Beltrami vector fields are a special class of solutions to the stationary Euler equations on a
Riemannian 3-manifold. They are defined as vector-valued eigenfunctions of the curl operator.
Following [3], Beltrami vector fields on a manifold with cylindrical ends can be modelled using a
b-metric on a b-manifold (M,Z). This gives rise to the concept of b-Beltrami vector field:
Definition 2.9. A b-Beltrami vector field X is a vector field on a Riemannian b-manifold (M,Z, g)
such that curlX = λX, for some nonzero constant λ, where the curl operator is defined with
respect to the b-metric g.
Similar to the smooth case, any non-vanishing b-Beltrami vector field is a reparametrization of
the Reeb field associated to a b-contact form. More precisely, we have the following:
Theorem 2.10 ([3]). Let (M,Z) be a b-manifold of dimension three. Any b-Beltrami vector field that is
non-vanishing as a section of bTM onM is a Reeb field (up to rescaling) for some b-contact form on (M,Z).
Conversely, given a b-contact form α with Reeb field X then any nonzero rescaling of X is a b-Beltrami
vector field for some b-metric and b-volume form onM .
Remark 2.11. It follows from the proof of Theorem 2.10 that if X is a b-Beltrami vector field on
(M,Z, g), the Reeb field associated to the b-contact form α := g(X, ·) is given by 1‖X‖2X, where the
norm is computed using the b-metric g.
In this paper we shall consider a specially relevant class of metrics, that are known as asymp-
totically exact b-metrics. To define them, let us consider a tubular neighbourhood N (Z) around
the critical surface and the trivialization (a diffeomorphism) given by
(z, P ) : N (Z)→ (−ǫ, ǫ)× Z .
Following Section 2.2 in [21], the asymptotically exact b-metrics are a special class of metrics on the
b-tangent bundle:
Definition 2.12. An asymptotically exact b-metric is a metric g on bTM which can be written in a
neighborhoodN (Z), in terms of the aforementioned trivialization, as
(2.13) g =
dz2
z2
+ P ∗h ,
where h is a smooth Riemannian metric on Z . The space of asymptotically exact b-metrics of
class Ck on (M,Z) is denoted by Gkb ; in the neighborhood N (Z) it inherits via the map P the Ck
topology of the space of Ck Riemannian metrics on Z .
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The Beltrami/contact correspondence shows that a non-vanishing b-Beltrami vector field on an
asymptotically exact b-manifold (M,Z, g) defines a b-contact form. This allows us to introduce the
concept of Melrose b-contact form, which is the class of b-contact forms that we consider in this
article:
Definition 2.14. The b-contact forms obtained via the correspondence Theorem 2.10 from a non-
vanishing b-Beltrami vector field on an asymptotically exact b-manifold are calledMelrose b-contact
forms.
We also observe that Theorem 2.10 and Proposition 2.5 imply that the exceptional Hamiltonian
can be read from a b-Beltrami vector field on an asymptotically exact b-manifold. More precisely,
consider local coordinates (x, y, z) associated to the metric splitting (2.13), with (x, y) ∈ Z and z
the defining function (i.e., Z = {z = 0}):
g =
dz2
z2
+ h11dx
2 + h22dy
2 + 2h12dxdy ,
where hij(x, y) defines a Riemannian metric on Z . In these coordinates, a b-Beltrami vector field
reads as:
(2.15) X = Xx∂x +Xy∂y + zXz∂z .
We claim that the restriction X|Z is a Hamiltonian field with Hamiltonian function −Xz (the
exceptional Hamiltonian). Indeed, since the correspondence Theorem 2.10 implies that X is a
reparametrization of the Reeb field associated to the b-contact form
α = X♭ =
Xzdz
z
+ (h11Xx + h12Xy)dx+ (h12Xx + h22Xy)dy ,
then it follows from Proposition 2.5 that −Xz is the exceptional Hamiltonian andX|Z is the corre-
spondingHamiltonian vector field (after rescaling of the symplectic form due to the reparametriza-
tion factor). We have then established the following:
Lemma 2.16. Let X be a b-Beltrami vector field on an asymptotically exact b-manifold. Then X|Z is a
Hamiltonian vector field for some symplectic form on Z , whose corresponding exceptional Hamiltonian
is −Xz .
Let us illustrate this result with the following example of a b-Beltrami vector field on a globally
flat b-manifold:
Example 2.17. Consider X = C cos y∂x + B sinx∂y + (C sin y + B cos x)z∂z on T
2 × R, which is a
b-Beltrami vector field for the flat b-metric g = dz
2
z2
+ dx2 + dy2, (x, y) ∈ T2, z ∈ R. By Lemma 2.16,
it is Hamiltonian on the critical set Z = {z = 0} and the exceptional Hamiltonian is given by
H = −C sin y − B cos x. This is an eigenfunction of the Laplacian ∆ = ∂2xx + ∂2yy on the flat T2
with eigenvalue 1. We shall establish in Section 3 that this is, in fact, a general property of the
exceptional Hamiltonians.
2.3. Generic eigenfunctions of the Laplacian. LetN be a compact manifold (without boundary)
and denote by Gk the space of Riemannian metrics onN of classCk, k ≥ 2. It is well known that Gk
is a Banach manifold. Given a metric h ∈ Gk, the Laplacian ∆h (or Laplace-Beltrami operator) is
a second-order elliptic operator with coefficients of class Ck−1. The corresponding eigenfuntions
uk satisfy the equation
−∆huk = λkuk ,
where 0 = λ0 < λ1 ≤ λ2 ≤ . . . are the eigenvalues. Standard regularity estimates imply that the
eigenfunctions are of class Ck,α for all α < 1.
A landmark in spectral geometry is Uhlenbeck’s work [29], where she proved that there ex-
ists a residual set of metrics in Gk (i.e., a countable intersection of open and dense sets) whose
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corresponding eigenfunctions and eigenvalues satisfy several nondegeneracy properties. More
precisely:
Theorem 2.18 ([29]). For all k ≥ 2, there exists a residual set Ĝk ⊂ Gk of metrics such that the Laplacian
∆h has the following properties provided that h ∈ Ĝk:
(A) Its spectrum is simple, i.e., all the eigenvalues have multiplicity one.
(B) The zero set of all the (nonconstant) eigenfunctions is regular.
(C) All the (nonconstant) eigenfunctions are Morse.
This result will be key to the proof of the first main theorem (Theorem 1.3).
3. GENERIC EXISTENCE OF ESCAPE ORBITS
This section contains the proof of the first main theorem. More precisely, we prove the follow-
ing:
Theorem 3.1 (First main theorem). There exists a residual set Ĝkb ⊂ Gkb such that any b-Beltrami vector
field on (M,Z, g), g ∈ Ĝkb , which is not identically zero on Z , has a singular periodic orbit or at least
2 + b1(Z) escape orbits. Here, b1(Z) denotes the first Betti number of the critical surface Z .
Remark 3.2. The term residualmeans that Ĝkb is a countable intersection of open and dense subsets
of Gkb ; in particular, Ĝkb is dense in Gkb . This is what we mean by generic metric in Theorem 1.3.
We first establish a remarkable connection between b-Beltrami vector fields and spectral geom-
etry on the critical surface Z . Specifically, we prove that the exceptional Hamiltonian associated
with a b-Beltrami vector field on an asymptotically exact b-manifold is an eigenfunction of the
Laplacian on Z . In the language of b-contact geometry, this implies that the exceptional Hamil-
tonian for Melrose b-contact forms is an eigenfunction of the Laplacian. See Section 2.2 for the
corresponding definitions. This connection will allow us to invoke the machinery of spectral the-
ory (Uhlenbeck’s theorem, in particular) to study generic dynamics in b-contact geometry.
Proposition 3.3. Let X be a b-Betrami field on an asymptotically exact b-manifold (M,Z, g). Then the
exceptional Hamiltonian is an eigenfunction of the Laplacian ∆h.
Proof. Let us consider the local coordinates (x, y, z) ∈ Z × (−ǫ, ǫ) introduced in Equation (2.15) to
write a b-Beltrami vector field X. In these coordinates the b-metric g reads in a tubular neighbor-
hood of Z as
g = h(x, y) +
dz2
z2
where h(x, y) = h1dx
2+h2dy
2+2h12dxdy is a Riemannianmetric onZ , cf. Equation (2.13). Accord-
ing to Lemma 2.16, the exceptional Hamiltonian is given by −Xz on Z , i.e., in these coordinates
−Xz(x, y, 0), so let us compute the Laplacian ∆hXz(x, y, 0).
To this end, we notice that the induced b-volume form is given by µg =
√
det hdx∧ dy ∧ dzz , and
the b-form α dual toX computed with the b-metric is:
α =
(
h11Xx + h12Xy
)
dx+
(
h12Xx + h22Xy
)
dy +
Xz
z
dz .
In terms of α, the b-Beltrami equation has the expression λιXµg = dα, which reads in coordinates
as
(3.4)

λ
√
dethXz = −∂y(h11Xx + h12Xy) + ∂x(h12Xx + h22Xy) ,
−λ√dethXy = ∂xXz − z∂z(h11Xx + h12Xy) ,
λ
√
dethXx = ∂yXz − z∂z(h12Xx + h22Xy) .
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Therefore, restricting on the critical set {z = 0} we obtain
(3.5)

λ
√
det hXz = −∂y(h11Xx + h12Xy) + ∂x(h22Xy + h12Xx)
−λ√dethXy = ∂xXz
λ
√
det hXx = ∂yXz ,
where all the function Xk are evaluated at (x, y, 0). Finally, noticing that the Laplacian ∆h on Z is
given in local coordinates (x, y) by
∆h =
1√
deth
[
∂
∂x
(
1√
det h
h22∂x − 1√
det h
h12∂y
)
+ ∂y
(
1√
deth
h11∂y − 1√
det h
h12∂x
)]
,
it readily follows from the system of equations (3.5) that
∆hXz = −λ2Xz ,
thus proving that the exceptional Hamiltonian −Xz is an eigenfunction of the Laplacian ∆h with
eigenvalue λ2. The proposition then follows. 
As reviewed in Subsection 2.3, Uhlenbeck’s theory characterizes the critical set of the eigenfunc-
tions of the Laplacian for a generic set of metrics (i.e., a residual set), cf. Theorem 2.18. This result
is very useful when studying asymptotically exact b-metrics because the b-metric g is written (in
a neighborhood of Z) in terms of a Riemannian metric h on the critical surface. Accordingly, a
residual set of metrics Ĝk on Z endowedwith the Ck-topology obviously defines a set of b-metrics
Ĝkb on (M,Z) via the splitting (2.13), which is also residual with the Ck-topology in the set of all
asymptotically exact b-metrics Gkb .
In view of Definition 2.14, by generic Melrose b-contact form, we mean the b-contact form as-
sociated with a nonvanishing b-Beltrami vector field on (M,Z, g), with g ∈ Ĝkb . As a corollary of
Proposition 3.3 and Theorem 2.18, we then obtain the following:
Corollary 3.6. The (nonconstant) exceptional Hamiltonian associated with a generic b-Beltrami vector
field or a generic Melrose b-contact form is a Morse function on Z and its zero set is regular.
We are now ready to prove Theorem 3.1. We recall that the first Betti number of a compact
surface Z is given by b1(Z) = 2ν(Z), where ν(Z) is the genus of the surface. In the proof it is
key to use that the exceptional Hamiltonian is a Morse function with regular zero set to prove the
existence of stable or unstable directions which, in turn, correspond to escape orbits. The role of
b1(Z) is that it bounds from below the number of critical points of a Morse function on Z .
Proof of Theorem 3.1. LetX be a b-Beltrami vector field on an asymptotically exact b-manifold (M,Z, g).
In what follows we use the same local coordinates (x, y, z) introduced above. Since X|Z is tan-
gent to the critical surface Z and Hamiltonian with Hamiltonian function given by H(x, y) :=
−Xz(x, y, 0), the zeros of X on Z are given by the critical points of H . Now let us analyze the
linear stability of these zeros. To this end, we compute the Jacobian matrix DX at a critical point
p = (x0, y0, 0) of H . Using Equations (3.5), a straightforward computation shows that
(3.7) DX(p) =
1
λ
√
deth
−∂2xyH −∂2yyH ∗∂2xxH ∂2xyH ∗
0 0 −λ√det hH
∣∣∣∣∣
p
.
In the two first rows, we used that ∂xH(p) = ∂yH(p) = 0 because p is a critical point of H . For
example, to compute the first entry of the matrix we write
∂xXx(p) = −∂x
(
1
λ
√
det h
∂yH
)∣∣∣∣
p
= −∂x
(
1
λ
√
det h
)
∂yH
∣∣∣∣
p
− 1
λ
√
deth
∂2xyH
∣∣∣∣
p
,
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which at p therefore gives − 1
λ
√
det h
∂2xyH(p). In the last row, we used that the computation is
carried out on Z and that ∂z(zH)|Z = H .
If X|Z is not identically zero, and the asymptotically exact b-metric is generic in the sense that
g ∈ Ĝkb , Corollary 3.6 implies that H is a Morse function with regular zero set. Therefore, we
deduce from Morse inequalities that there are at least 2 + b1(Z) critical points pk. It also follows
that the matrix DX(pk) is non-singular at each critical point pk: indeed the determinant of the
matrix in Equation (3.8) is given by
detDX(pk) =
−1
λdeth(pk)
HessH(pk)H(pk) 6= 0 ,
where Hess is the Hessian determinant, and we have used that HessH(pk) 6= 0 6= H(pk) for all the
critical points pk. Moreover,DX(pk) has three nonzero eigenvalues λx, λy, λz , such that λx and λy
are the eigenvalues of the 2× 2matrix
(3.8)
1
λ
√
deth
(−∂2xyH −∂2yy
∂2xxH ∂
2
xyH
) ∣∣∣∣∣
pk
,
and λz = −H(pk). Now there are four cases to discuss:
(1) H(pk) > 0 and pk is a saddle point. In this case, the b-Beltrami vector field X has a 2-
dimensional stable manifold at pk that is transverse to Z .
(2) H(pk) < 0 and pk is a saddle point. In this case, the b-Beltrami vector field X has a 2-
dimensional unstable manifold at pk that is transverse to Z .
(3) H(pk) > 0 and pk is a local maximum or minimum. In this case, the b-Beltrami vector field
X has a 1-dimensional stable manifold at pk that is transverse to Z .
(4) H(pk) < 0 and pk is a local maximum or minimum. In this case, the b-Beltrami vector field
X has a 1-dimensional unstable manifold at pk that is transverse to Z .
In all these cases, which follow from an easy application of the invariant manifold theorem, the
vector field X has transverse invariant manifolds of dimension 1 or 2 whose ω- or α-limit are a
point pk ∈ Z . In particular, there exists at least one escape orbit for each pk. Finally, if two escape
orbits corresponding to different points pk1 6= pk2 coincide, this gives, by definition, a singular
periodic orbit, cf. Definition 2.7. If escape orbits do not coincide, there are at least as many as
critical points pk on Z , a number that we know it is lower bounded by 2 + b1(Z). The theorem
then follows. 
Remark 3.9. In cases (1) and (2) discussed above, the set of escape orbits is actually 2-dimensional.
At least one of these cases occur whenever the critical surface Z has positive genus.
Remark 3.10. Theorem 3.1 is not enough to prove the singular Weinstein conjecture for Melrose
b-contact forms. The key is that we do not prove that the stable (respectively unstable) manifold
of the equilibrium point pk1 intersects with the unstable (respectively stable) manifold of another
equilibrium point pk2 . We observe that for more general b-metrics (that are not exact), the excep-
tional Hamiltonian is an eigenfunction of a more complicated elliptic operator (not a Laplacian).
We were not able to show the genericity properties a` la Uhlenbeck for eigenfunctions of those
operators.
4. ASYMPTOTICALLY FLAT b-METRICS
This section contains the proof of the second main theorem. More precisely, we prove the fol-
lowing:
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FIGURE 2. Different types of escape and singular periodic orbits: γ1 is a general-
ized singular periodic orbit, γ2, γ3 are singular periodic orbits
Theorem 4.1 (Second main theorem). A generic asymptotically symmetric b-Beltrami vector fieldX on
an asymptotically flat b-manifold of dimension 3 has a generalized singular periodic orbit. Moreover, it has
a singular periodic orbit or at least 4 escape orbits.
A particularly relevant model of b-manifold is the flat one, which is the b-analogue of the flat
torus in Riemannian geometry. It is then natural to analyze the dynamics of b-Beltrami vector
fields on asymptotically flat b-manifolds, as e.g. in Example 1.2 where the ABC flows in the b-
context are introduced. We will consider the following definition:
Definition 4.2. An asymptotically flat b-manifold (M,Z, g) of dimension 3 is a manifold whose
critical surface Z consists of several (disjoint) copies of T2, endowedwith a b-metric which has the
following expression in a neighborhoodN (Z) of Z :
g =
dz2
z2
+ dx2 + dy2
z ∈ (−ǫ, ǫ) and (x, y) ∈ T2 = (R/2πZ)2. The manifold M is globally b-flat if M = T3 and g =
dx2 + dy2 + dz
2
sin2z
.
Example 4.3. An example of a globally flat b-metric is given in Example 1.2. The ABC b-Beltrami
vector fields studied in this example (and in Example 1.5) exhibit both singular periodic orbits and
generalized singular periodic orbits.
Our goal in this section is to prove the existence of escape orbits (or more generally, of gen-
eralized singular periodic orbits as introduced in Definition 1.4) for b-Beltrami vector fields on
an asymptotically flat manifold. Contrary to Example 1.2, where the existence of singular peri-
odic orbits is proved for all values B,C (|B| 6= |C|), we will only address the singular Weinstein
conjecture for generic b-Beltrami fields on asymptotically flat b-manifolds.
Since now the b-metric is fixed in N (Z), the notion of genericity is different from the one we
considered in Theorem 3.1. Specifically, generic will refer to an open and dense set of the space
of b-Beltrami vector fields, which is endowed with the Ck topology. To establish this genericity
result we will focus on asymptotically symmetric b-Beltrami vector fields, which is a natural class
to consider in view of Example 2.17:
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Definition 4.4. Let X be a b-Beltrami vector field on an asymptotically flat b-manifold (M,Z, g).
We say that it is asymptotically symmetric if it commutes with the normal b-vector field in a neigh-
borhood of the critical surface Z .
Remark 4.5. As mentioned in the preliminaries, for a fixed defining function z of the critical sur-
face Z , the normal b-vector field is given by z∂z , hence Definition 4.4 asks that locally around Z ,
the vector fieldX commutes with z∂z , i.e. [X, z∂z ] = 0.
Notice that the b-Beltrami vector fields considered in Examples 1.2 and 2.17 are asymptotically
symmetric (in fact, they are globally symmetric).
4.1. A preliminary spectral lemma. Our strategy of proof of Theorem 4.1 also employs that the
exceptional Hamiltonian is an eigenfunction of the Laplacian on the critical surface. It will then
be convenient to establish a genericity result in this setting. More precisely, consider the torus
T
2 = (R/(2πZ)2 endowed with the flat metric. It is standard that the spectrum of the Laplacian
for the flat metric is given by
{µk = |k|2 : (k1, k2) ∈ Z2}
and themultiplicity of each eigenvalue is at least 4 (indeed (k1, k2), (−k1, k2), (k1,−k2) and (−k1,−k2)
correspond to the same eigenvalue). Let us denote by Eµ the eigenspace of the Laplacian with
eigenvalue µ.
Our goal is to prove that the eigenfunctions are generically Morse. To prove this, we will use
the following parametric transversality theorem:
Theorem 4.6 (Parametric transversality theorem, Theorem 6.35 in [17]). LetN andM be two smooth
manifolds, X ⊂M an embedded submanifold, and {Fs}s∈S a smooth family of maps Fs : N →M with S
a smooth manifold of parameters. If the map F : N × S →M , F (·, s) := Fs(·) is transverse toX, then for
almost every s ∈ S (in the measure-theoretic sense), the map Fs : N →M is transverse to X.
Lemma 4.7. For each eigenvalue µ > 0, there exists an open and dense set in Eµ (in the Ck-topology,
k ≥ 2) of eigenfunctions that are Morse.
Proof. Let us consider the map
F : T2 × Rm → R2
(x, a) 7→ F (x, a) = a1∇f1(x) + · · ·+ am∇fm(x) ,
where f1, . . . , fm is an L
2-orthonormal basis of eigenfunction in Eµ, m is the multiplicity of the
eigenvalue µ, and x = (x1, x2) parameterizes T
2.
For each a, the eigenfunction a1f1 + · · · + amfm is Morse if and only if the zero level-set of the
map Fa := F (·, a) is regular. It is then obvious that the lemma follows if we show that this is the
case for almost all a ∈ Rm (because a set of total measure is dense, and being Morse is an open
property; passing from an open and dense set of a ∈ Rm to the Ck topology of eigenfunctions
in Eµ is of course immediate). To prove this, we use the parametric transversality theorem stated
above with X = {0} and S = Rm. Hence it suffices to show that F is transverse toX = {0}.
Let (x∗, a∗) be a point such that F (x∗, a∗) = 0. The differential of F is given by the following
2× (m+ 2)matrix:
(4.8) DF =
[
a1f1x1x1 + · · ·+ amfmx1x1 a1f1x1x2 + · · · + amfmx1x2 f1x1 · · · fmx1
a1f1x2x1 + · · ·+ amfmx2x1 a1f1x2x2 + · · · + amfmx2x2 f1x2 · · · fmx2
]
.
Assume that rankDF (x∗, a∗) < 2. This implies that ∇fl(x∗) = bl∇f1(x∗) for l = 2, . . . ,m and
some constants bl ∈ R. For convenience, let us set v := ∇f1(x∗), hence∇fl(x∗) = blv. Accordingly,
for any µ-eigenfunction f ∈ Eµ, ∇f(x∗) = bv for some b ∈ R. By the transitivity of translations on
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T
2 and the fact that they commute with the Laplacian, it is easy to conclude that for each f ∈ Eµ
there exists a function b such that
∇f(x) = b(x)v
for all x ∈ T2. Moreover, since 0 = curl∇f = ∇b(x) × v, we have that b is a first integral of the
constant vector v⊥ and hence b(x) = B(v1x1 + v2x2)where v = (v1, v2).
Integrating the vector equation ∇f(x) = B(v1x1 + v2x2)v, we obtain that any µ-eigenfunction
f is of the form
f(x1, x2) = B˜(v1x1 + v2x2) ,
where B˜ is a primitive of B. Being f an eigenfunction of the Laplacian, a straightforward compu-
tation shows that it satisfies the equation
d2B˜(s)
ds2
+
µ
|v|2 B˜(s) = 0 ,
with s = v ·x. Hence B˜(s) = A1 cos(µ
1
2
|v| s)+A2 sin(
µ
1
2
|v| s), where A1, A2 ∈ R, thus implying that any
µ-eigenfunction f is of the form:
f(x1, x2) = A1 cos
(µ 12
|v| v · x
)
+A2 sin
(µ 12
|v| v · x
)
.
In particular, this implies that the multiplicity of the eigenvalue µ is 2, which is a contradiction
with the fact that it is at least 4. Hence DF (x∗, a∗) is of rank 2 at any point (x∗, a∗) ∈ F−1(0), and
therefore the zero-set of F is regular. The lemma then follows. 
4.2. Existence of escape orbits for generic b-Beltrami vector fields. Let us consider an asymptot-
ically symmetric b-Beltrami vector field
X = Xx∂x +Xy∂y + zXz∂z
on an asymptotically flat b-manifold, and its dual b-form
α = Xxdx+Xydy +
Xz
z
dz .
The following lemma is straightforward:
Lemma 4.9. In the neighborhood N (Z) the functions Xx, Xy and Xz do not depend on z, i.e., Xx ≡
Xx(x, y),Xy ≡ Xy(x, y),Xz ≡ Xz(x, y). Moreover, Xz (which is minus the exceptional Hamiltonian) is
an eigenfunction of the flat Laplacian on T2 with eigenvalue λ2, and the components Xx and Xy are given
by
Xx(x, y) =
1
λ
∂yXz(x, y) , Xy(x, y) = − 1
λ
∂xXz(x, y) .
Proof. It is easy to check that the assumption [X, z∂z ] = 0 implies that Xx ≡ Xx(x, y),Xy ≡
Xy(x, y),Xz ≡ Xz(x, y). Now, the lemma follows arguing exactly as in the proof of Proposition 2.5
using the b-Beltrami equation. 
Applying Lemma 4.7, for any δ′ > 0 and k ≥ 2, we can take a λ2-eigenfunction X̂z(x, y) of the
Laplacian on T2 which is Morse and δ′-close toXz(x, y), i.e.
||X̂z −Xz||Ck+1(T2) < δ′ .
Moreover, we can also assume that the zero set of X̂z(x, y) is regular, because it is a property that
holds for an open and dense set in Eλ2 in the Ck-topology, k ≥ 2, cf. [27, Proposition 4].
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Then, the vector field
(4.10) X̂ :=
1
λ
∂yX̂z∂x − 1
λ
∂xX̂z∂y + zX̂z∂z
is a b-Beltrami vector field for the b-flat metric in a neighborhood N (Z) of Z , and we have the
obvious estimate
(4.11) ||X̂ −X||Ck(N(Z)) < Cδ′ .
Let us take a second neighborhoodN1(Z) ⊂ N (Z), and notice that the 1-form
β̂ :=
1
λ
∂yX̂zdx− 1
λ
∂xX̂zdy +
X̂z
z
dz ,
which is the dual of X̂ using the flat b-metric, is contact in N (Z)\N1(Z) and is close to α as
||β̂ − α||Ck(N (Z)\N1(Z)) < Cδ′ .
We claim that the 1-form β̂ can be extended as a b-contact form β on the whole manifold M ,
which is close to α in the following sense:
(4.12) ||β − α||Ck(M\N1(Z)) < Cδ′ .
Indeed, the following lemma is standard, we provide a short proof for the sake of completeness:
Lemma 4.13. Let α be a contact form on a manifold M0, and β̂ a contact form on an open set U ⊂ M0 so
that ||α − β̂||Ck(U) < ε0. If ε0 is small enough, and U1 ⊂ U is any open set properly contained in U , there
exists a contact form β onM0 which satisfies that β|U1 = β̂ and ||β − α||Ck(M0) < Cε0.
Proof. Take a smooth cutoff function F : M → [0, 1] which is equal to 1 in U1, F > 0 in U , and 0 in
M\U . Let us define the 1-form onM0
β := Fβ̂ + (1− F )α .
Obviously β|U1 = β̂, β|M0\U = α and
||β − α||Ck(M0) = ||F (β̂ − α)||Ck(U\U1) < Cε0 .
It remains to check that β is a contact form onM0, so let us compute
β ∧ dβ = F 2β̂ ∧ dβ̂ + (1− F )2α ∧ dα+ F (1− F )(β̂ ∧ dα+ α ∧ dβ̂) + dF ∧ β̂ ∧ α .
Noticing that the assumption ||α− β̂||Ck(U) < ε0 implies the estimates
||β̂ ∧ α||C0(U) < Cε0
||β̂ ∧ dα+ α ∧ dβ̂ − 2β̂ ∧ dβ̂||C0(U) < Cε0 ,
we conclude
|β ∧ dβ| > |F 2β̂ ∧ dβ̂ + (1− F )2α ∧ dα+ 2F (1− F )β̂ ∧ dβ̂| − Cε0
= |F (2− F )β̂ ∧ dβ̂ + (1− F )2α ∧ dα| − Cε0 > c0 > 0 ,
where in the last inequality we have used that F ∈ [0, 1] and α and β˜ are contact forms. This
proves that β is a contact form onM0 and the lemma follows. 
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The existence of the b-contact form β satisfying the estimate (4.12) then immediately follows
applying this lemma withM0 = M\N1(Z), U = N (Z)\N1(Z), U1 = N2(Z)\N1(Z) and ε0 = Cδ′,
where N2(Z) is a neighborhood of Z properly contained in N (Z) and containing N1(Z).
The Beltrami-contact correspondence Theorem 2.10 then implies that the Reeb field Y of the
b-contact form β is b-Beltrami for some (weakly) compatible metric ĝ. Since β|N1(Z) = β̂, whose
dual vector field with the flat b-metric is the b-Beltrami vector field X̂ by construction, then ĝ can
be taken to be b-flat in the neighborhood N1(Z) and Y |N1(Z) = X̂ . Therefore, ĝ is asymptotically
b-flat and Cδ′-close to g, although generally different from g inM\N1(Z).
Using the estimates (4.11) and (4.12), we then conclude that for any δ > 0 small enough, there
is a b-Beltrami vector field Y on (M,Z) endowed with an asymptotically flat b-metric such that
||Y −X||Ck(M) < Cδ′ =: δ
and its exceptional Hamiltonian is a Morse function on Z with regular zero set. This proves the
Ck-density of the aforementioned properties of the exceptional Hamiltonian. The openness is im-
mediate because being Morse and having regular zero set are open conditions in the Ck topology,
k ≥ 2.
Remark 4.14. In what follows, by a generic asymptotically symmetric b-Beltrami vector field on
an asymptotically flat b-manifold we will mean a vector field whose exceptional Hamiltonian is
Morse and has regular zero set.
Once the genericity of the aforementioned class of b-Beltrami vector fields on asymptotically
flat b-manifolds has been established, the proof of the second part of Theorem 4.1 is exactly the
same as the proof of Theorem 3.1 via the local analysis of the zero points of the generic b-Beltrami
vector field on Z . One just has to note that the first Betti number of T2 is 2, and hence we get the
lower bound of 4 escape orbits.
4.3. Generic existence of generalized singular periodic orbits. In this section we prove the first
part of Theorem 4.1. We follow the same notation as in Section 4.2 without further mention.
Let us consider a generic asymptotically symmetric b-Beltrami vector field X on an asymp-
totically flat b-manifold (M,Z, g). Then the component Xz is a Morse eigenfunction of the flat
Laplacian on T2. Take a point p0 = (x0, y0, 0) ∈ Z where Xz(x, y) attains its minimum value,
which is negative because any (nonconstant) eigenfunction has zero mean:
Xz(x0, y0) < 0 .
Our goal is to analyze the integral curves of X near the point p0. To this end we recall that in a
neighborhoodN (Z) of the critical surface an asymptotically symmetric b-Beltrami vector field has
the form, cf. Lemma 4.9,
1
λ
∂yXz(x, y)∂x − 1
λ
∂xXz(x, y)∂y + zXz(x, y)∂z .
It is obvious that Xz is a first integral of X. Moreover, doing a Taylor expansion of Xz at p0, we
obtain that
z˙ = zXz(x, y) = zXz(x0, y0) +O(|z(x− x0)|+ |z(y − y0)|) ≤ 0
if (x, y, z) ∈ B ∩ {z ≥ 0}, and in fact z˙ = 0 only on the disk D := B ∩ {z = 0}. Here B is a small
enough neighborhood of p0. Therefore, the value of the defining coordinate z decreases along the
integral curves of X near p0. Noticing that the level sets of Xz near p0 are cylindrical, it is easy to
infer that there is a positive constant δ > 0 such that the compact set
K := {(x, y, z) ∈ B˜ : δ/2 ≤ z ≤ δ} ,
where B˜ ⊂ B is a smaller closed neighborhood of p0, is attracted by the critical surface Z , i.e., the
ω-limit ofK is contained in the diskD.
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Since X is volume-preserving in M\Z (because it is divergence-free with respect to the b-
volume form associated to the b-metric g), it follows that the α-limit of the compact set K must
intersect the critical surface Z . Specifically, there exists a sequence of points {pk}∞k=1 ⊂ K and a
decreasing sequence of negative times {tk}∞k=1 with limk tk = −∞ such that ϕtk(pk) → p∗ ∈ Z .
Here, ϕt denotes the flow defined by the vector fieldX onM . By compactness, after taking a sub-
sequence if necessary, we have that pk → p˜ ∈ K , and therefore the continuity of ϕt with respect to
initial conditions implies that (up to a subsequence),
ϕtk(p˜)→ p∗ ∈ Z .
Since the ω-limit of p˜ is contained in D ⊂ Z , we conclude that the orbit {ϕt(p) : −∞ < t <∞} is a
generalized singular periodic orbit, so Theorem 4.1 follows.
We finish this section noticing that, using the same techniques, we can prove the singular We-
instein conjecture on globally flat b-manifolds, for globally symmetric b-Beltrami vector fields. By
globally symmetric we mean that X commutes with the globally defined vector field sin z∂z on
the whole T3.
Proposition 4.15. LetX be a globally symmetric, b-Beltrami vector field on a globally flat b-manifold that
is not identically zero on Z . Then X has at least two singular periodic orbits.
Proof. Proceeding as in Lemma 4.9 but using the globally defined defining function sin z instead
of z, it follows that the global symmetry of X implies that it has the form
X =
1
λ
∂yH∂x − 1
λ
∂xH∂y +H sin z∂z
on T3, where H = H(x, y) satisfies ∆H + λ2H = 0. Then one can do the same computation
as in Example 1.2. More precisely, H(x, y) is a first integral of X and each integral curve with
initial condition (p±, z0), where p± is a point on T2 where H attains its global minimum (resp.
maximum) and z0 ∈ (0, π), is a singular periodic orbit. Here we are using that, being a nontrivial
eigenfunction of the Laplacian, the minimum value of H is negative (resp. the maximum value is
positive). 
Remark 4.16. We stress that in Proposition 4.15 we do not need to assume that the b-Beltrami
vector field is generic. In fact, Theorem 4.1 holds for any asymptotically symmetric b-Beltrami
vector field provided that it is not identically zero on Z . In this case the number of escape orbits
that one obtains is at least 2 instead of 4.
5. CONCLUDING REMARKS AND OPEN PROBLEMS
Singularities naturally occur in regularization procedures in celestial mechanics, see [16]. In
particular, the McGehee blow-up [20] is classically used in theN -body problem to study the man-
ifold at infinity. It is a non-canonical symplectic change of coordinates and therefore the induced
geometric structures are no longer symplectic but of b3-type, where the critical hypersurface is
being identified with the manifold at infinity in the original problem. In [24], this is used in com-
bination with Proposition 2.5 to prove the existence of infinitely many periodic orbits on positive
energy level sets in the restricted planar circular three body problem at the manifold at infinity.
Orbits coming and going to the infinity manifold are singular periodic orbits as studied in the
present article, and thereby emphasizes the importance of the singular Weinstein conjecture in
view of applications in celestial mechanics. This description is reminiscent of hyperbolic scattering
orbits in the N -body problem, as studied in [8] and [19]. Those are orbits in the N -body problem
where the mutual distances between the bodies go to infinity. In the language of the present note,
those orbits are just singular periodic orbits.
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Our article also provides the general framework which includes oscillatory motions in celestial
mechanics as they constitute a particular case of generalized singular periodic orbits. Those are
orbits (q(t), p(t)) in the phase space T ∗Rn such that
lim sup
t→±∞
‖q(t)‖ =∞ and lim inf
t→±∞ ‖q(t)‖ <∞.
Under the classical McGehee change of coordinates r = 2
x2
, where r is the radius of the position
in polar coordinates, the condition on the upper limit is equivalent to saying that the orbit is a
generalized singular periodic orbit. The existence of oscillatory motions in Celestial Mechanics
has a long story: In 1960 Sitnikov [28] proved existence of oscillatory motions for the restricted
spatial elliptic three body problem when primaries have mass µ = 1/2 and move on ellipses of
small enough eccentricity while the third body moves on the (invariant) vertical axis. In 1973
Moser [25] provided a new proof of Sitnikov results. First results in the planar case were obtained
by Llibre and Simo´ [18] in 1980 following Moser’s approach. It was not until the recent work [12]
that their existence has been proved in the restricted planar circular three-body problem for any
mass ratio provided the Jacobi constant J is sufficiently large (see also [13] for the restricted planar
elliptic three-body case).
The authors believe that the techniques and results of the present paper will be useful to tackle
interesting problems in classical mechanics, as the existence of scattering orbits, escape orbits and
oscillatory motions in a more general set-up (see for instance [7]). We plan to deal with this in
future work.
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